
Math 564: Advance Analysis 1
Lecture 5

since the cylinders generate the Borel algebra of I and the boxes

generate the Bovel raly of IRY
, we get the so called Bernoullip)

measure
,
PECO, D, and the Lebesgue measure on IR9

,
defined on all

Bonel Sets
.

Wet : For a topol space X
,
He Bowel W-algebra BM is that generated by

open sts .

The ats in B(X) we called Bonel sets
.

A Bovel measure

ou X is any measure defined on B(X)
.

In particular
,

the Bernoulli (p) of Lebesque are Bonel measures
.

An example of non-unique extension of premeasure . Let A be te algebra generated
by the half-intervals (a

,
b)=IR

,

i . e . A consiste of finite unice
of half-intervals of the form (ab)

,
where we treat (-4

,
al as a

half interval
. Define a permeasure M on A by afting
M(A) = = ) if I

nonempts net) = ↓
.

Here arei : times i each B= B (IR)
, pat

M, (B) == 10 if i is 31
,

& 0
.
W

.

M(B) =
= the counting measure = 31 is infriteI



Measurable sets
.

Let IX
, B) be a measurable space , i . e . B a realgouX .

let o be a measure on B
.

We call (X
,
B
,
M) a measure space .

A set z = X is called -null if I ECB it
.

Z = E and M(E) = 0
.

m
E Let Nulla demote the collection of e-wall sets

.need-z
Obs

. Nullow is a t-ideal, i. e . it contains al is closed under
subsets and ofbl unions.

hmma
.

↓ BEB and ze Null
,

(a) BUz = BLE for one BeB al E N-nall .
(b) BLZ = BUE for some BGB and EN-null

,

Let Ec B with == Z al is Mull
.
Then setProof

. (a)
B B :

= BUEGB and = =
= Elz

.

(b)
*

...

Let Measu == (BUZ : BE 23
,
z= Nullu

,
call the sets in this measurable

.

Prop . Meuse is the z-algebra generated by BUNalla .
Propf

-

It's enough to show Wat Measu is a F-algebra .

Complements : Let BVEGMeasm ,
When (BUE)= B1E'= BYE

=Measu by te Leana above .

Cl unious: Get ButzueMease , Ran (BnUza) =h Br) ~
(VEn) = BUZ = Measur .

Prop . The measure M admite a unique extension to Measu
,
called the

completion of M
,
denoted it .

Proof
. Define in on Measu by setting (BUz) == (B) for Be

,
ze Nullm

,



We show but it is well-defined : Let M = BoUZ
.

= B
, WE ,,

where
Bo
,
B
, G B al Zo, z, Nalle . Need to show M(B) = M(B .

)
.

Let B : = BoMB , al let EzzoVE , be a Menull Bonel set . Then

M(B) = M(Bi) - M(BVE) = M(B)

heare B : < BUE = BUzoUZ , bear BolB ,
= Z

,
al BilBo= Zo

.

Thus
,
M(Bi) = M(B) = M(B .. i) -

For uniquemen ,
let t be

any
extension to Measu

.

Then

-(13) = v(B) = v(Bvz) = M(BVE) = M(B)
,
x0v(z) :M(B)

,

where B
,
EE B

,
E
,
E are will of E=7

.

We will drop bus from the motation it of just write for the completion
aC well

.

Remark
.

Note Ct
my

Polish space has a otbl open basis
,
like rational open

boxes in IR
,
which implies t there are only continuum

many
open sets

,
hence also only continuum many Bonel sets

.

However
,

berse Plany wall set) = Measur al some measures
,
like Lebesque

and Bernoullitp)
,
have continuum-sized wall sets, we get A

(Nullal can be zcontinuum
. So pically there are many many

more measurable Lits Kran Berel sets
.

An example of a now-measurable st . We'll constant a wourlebesque measurable
subset of IR . Let En be the cost equivalence relation of IR,

i
.
e
. x #Y :Et

x-y
= DK

.

Each Earca is ctbl (it's a copy
of ⑪)

,
so there we continuum -

many cames
. Using Axion of Choice,

IR

Fi......
G

we get a transversal + for
,
i
.
e. a set that

↳ Ea-class



intersects every ba-class in exactly one point.

Claim
.

T:= TM10 , D is not Lebesyce measurable
.

"You shall never pick a point from each da"-d. Gaborian
.

Proof
. Suppose I, is lebesque measurable .
Note Ut fur Nothi rationals

, g+
T
, ad 9,

+T
,
are disjoint, so

10
, 1] = ( + T ,) = [- 1

, 2] .
0

qt
r[-1

, 1]

Because Lebesgue measure is translation invariant
,
x(9+T) = x(T)

* qG . Thus
,

1 = x((0
,
1)
= 2 x(q +T, ) = zX(πi) = x(c- 1 , 23) = 3 .

4t 01-1
,
1) q(⑭1- 1, 17

If ACT
,

= 0
,
then 120

,
and if ACTikO

,
then & < 3

,
a contradiction .

Remark
. (a)I websitea " is translation invariant

,

↓ - measurable
,

x(A) = d(x + A)
.

This is bee it's true for boxes by definition
.

B) The Bernoullip) measure Mp
,
PECO,1

,
on 2 is Shift-invar

Nriant
,
where the chift is the transformation s : 2 -> 2N

Being chiff invariant means : Gulner (Xnecnew.
s"(A) has te sans measure as A

,
fr any meas

.

Al 2
.

This lowen from the condition At Prob(x=A] = Prob(S(y)=A] =
Prob(xc s"(A)]

. Shift-invariance is true because it's trae for linders :
S"[w] = C0w34 (1w]

,
so Mp(s"(ws) = ([On]) + Mp[1n3 =

11-p) - p([w]) + p
. p((w3) = Mp(sw]) .


